PACS 03.75.Kk -Dynamic properties of condensates; collective and hydrodynamic excitations, superfluid flow PACS 67.85.De -Dynamic properties of condensates; excitations, and superfluid flow Abstract -Bose-Einstein condensate shells, while occurring in ultracold systems of coexisting phases and potentially within neutron stars, have yet to be realized in isolation on Earth due to the experimental challenge of overcoming gravitational sag. Motivated by the expected realization of hollow condensates by the space-based Cold Atomic Laboratory in microgravity conditions, we study a spherical condensate undergoing a topological change from a filled sphere to a hollow shell. We argue that the collective modes of the system show marked and robust signatures of this hollowing transition accompanied by the appearance of a new boundary. In particular, we demonstrate that the frequency spectrum of the breathing modes shows a pronounced depression as it evolves from the filled sphere limit to the hollowing transition. Furthermore, when the center of the system becomes hollow surface modes show a global restructuring of their spectrum due to the availability of a new, inner, surface for supporting density distortions. We pinpoint universal features of this topological transition as well as analyse the spectral evolution of collective modes in the experimentally relevant case of a bubble-trap.
Quantum matter, when subject to transitions of a topological nature, undergoes fundamental changes in its properties [1] . Such transitions involve singular deformations of the underlying space inhabited by the system, be it real or abstract. For instance, the ripping action required to convert a sphere into a torus. In topological materials, which have recently gained prominent attention, matter can transform from being a trivial insulator to one having gapless surface states. The topological nature of the transition can be pinpointed through the calculation or measurement of an abstract Berry phase type global invariant associated with non-trivial winding, for instance, in momentum space [2] . Cold atomic systems, given their spectacular trapping and tuning capabilities, not only enable measuring such topological invariants [3] [4] [5] , they offer a much more direct, real space version of a topological transition through purely changing physical geometry. As a pioneering instance, the realization of toroidal BoseEinstein condensates (BECs) [6, 7] corresponds to a topo-(a) kuei.sun@utdallas.edu (b) clannert@smith.edu (c) smivish@illinois.edu logical structure characterized by a homotopy group that is not equivalent to that of a disk. Here we explore salient features associated with the hollowing out of a spherically filled BEC and subsequent formation of a closed, hollow shell. The filled and hollow BECs are topologically inequivalent in that they correspond to different second homotopy groups. In other words, unlike for the filled spherically symmetric BEC, a spherical surface within the hollow BEC that surrounds its center cannot be continuously deformed into a point. In this sense, the hollowing of a condensate corresponds to a topological transition.
The study of hollow condensates is particularly germane now in light of the scheduled launch of the Cold Atomic Laboratory (CAL) [8] later this year aimed to investigate ultracold quantum gases aboard the International Space Station. One planned experiment on board involves the first creation of a hollow shell BEC [9, 10] using an rf-dressed "bubble trap" potential [11] . While BECs have been produced in a host of interesting geometries [6, 7, [12] [13] [14] [15] [16] [17] [18] [19] [20] , gravitational sag has prevented the realization of BEC shells on Earth [21, 22] . Thus, microgravity environments, as expected to be produced in CAL and successp-1 arXiv:1612.05809v3 [cond-mat.quant-gas] 14 Jan 2018 fully demonstrated in the context of BECs in the ZARM drop tower in Germany [23] and in that of normal fluid shells during space shuttle launches [24] , are necessary for the realization of hollow condensates. Shell-shaped BECs would be a test bed for quantum fluids in this topology, which naturally occurs in a number of diverse situations from laboratory-based micron scales to astronomical scales. In cold atomic systems, condensate shells are expected in Bose-Fermi mixtures [25] [26] [27] and optical-lattice "wedding-cake" structures [28] [29] [30] where Mott-insulating regions effectively trap superfluid layers [31] . In neutron stars, extremely high mass densities render ambient relative temperatures low enough for realizing macroscopic quantum states of matter, possibly giving rise to shells of differing states, some corresponding to superconductors and BECs of subatomic particles [32, 33] .
Collective excitations offer an excellent probe of shape, boundary constraints, and topology, be they in solids, classical liquids, or quantum fluids. For instance, one "hears" the shape of a drum through its normal-mode oscillations [34, 35] . In trapped condensates, the low-lying excitations-their collective modes-were among the first phenomena to be studied after the initial realization of BECs [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . Relevant to our studies, the topological change embodied in the emergence of an additional surface is significant for various physical systems. For example, for ships entering shallow water from the deep seas, the structure of water waves changes when the ocean floor emerges as a relevant boundary [48] . In the aforementioned space shuttle experiments [24] on normal fluid shells, sloshing modes show marked signatures of inner and outer boundaries, akin to those predicted in preliminary theoretical work on BEC shells [49] . Studies of two-dimensional annular BECs [50, 51] have revealed mode spectra that can distinguish an inner boundary in a non-destructive fashion. Such a collective mode analysis becomes even more pertinent for three-dimensional hollow condensates where direct imaging may not discern the presences of a hollow region. Here, we show that the collective mode spectrum presents a natural and powerful way to observe the topological change from filled to hollow in BECs, pinpointing universal features as well as making concrete predictions in experimentally relevant settings.
As we discuss in this Letter, the evolution of the collective mode frequencies as a function of a tuning parameter signals the appearance of a new boundary when a condensate undergoes the topological change of hollowing. The effect of the new inner boundary becomes manifest both in collective modes whose oscillations are primarily along the surface of the condensate (surface modes) as well as primarily transverse to it (breathing modes). In the former case of surface modes [ Fig. 1(a) ], such as high angular momentum modes in a sphere [52] , density distortions exponentially decay into the bulk. When the new boundary appears, for any given surface mode, radial distortions are redistributed between the two boundaries. The frequency spectrum shows a sharp jump correspond- ing to this redistribution-each boundary surface hosts fewer nodes of oscillation so the energy associated with a given oscillatory distortion is lowered.
For the latter case of transverse modes [ Fig. 1(b) ], of which the simplest is the spherically symmetric breathing mode [49, 53] , the collective mode spectrum shows a distinct dip in frequency when the inner surface is created. Breathing modes localize near the new boundary as the condensate begins to hollow. Density and stiffness of the condensate in the center of the system as it hollows are very low, causing an unusually low oscillation frequency and an associated dip in the mode spectrum. We explicitly demonstrate these effects in the simplest case of spherical symmetry; our results are summarized in Figs. 2 and 4.
As is common and effective for collective mode analyses in BECs, we employ the hydrodynamic approach, which models excitations with relatively small, smooth deviations from the equilibrium density of the condensate. (Oscillations of certain low lying modes have been obtained by a variational approach in the literature [49] as well.) The collective eigenmode frequency ω is then related to density fluctuations in space and time via δn(r, t) = δn(r)e −iωt [36, 54] . The eigenvalue equation for the collective modes and their frequencies is given by
where the trapping potential enters through the equilibrium density profile, n eq (r), m is the particle mass, S l is the characteristic length for the trapping poten-
Physics of hollow Bose-Einstein condensates tial (in terms of which all lengths are measured below), and U = 8πa s /S l is the interaction strength (proportional to the two-body scattering length a s ) [54] . In the presence of spherical symmetry the density fluctuation can be expanded in terms of spherical harmonics as
The collective modes in a spherically symmetric system can be characterized by quantum numbers ν, , m corresponding to the number of radial and angular nodes, respectively.
In our solution of the hydrodynamic equations below, we initially make the simplifying assumption that the condensate is strongly interacting in the sense that N a s /S l 1 and that the associated Thomas-Fermi approximation holds. The Thomas-Fermi form for the equilibrium density depends on the trapping potential and the chemical potential, µ (determined by the net number of particles, N , in the condensate): n eq (r) = [µ − V (r)]/U . This approximation models a condensate having sharp boundaries identified by V (r) = µ, while in reality, the condensate density decreases gradually at its boundaries. We therefore use the Thomas-Fermi approximation to pinpoint signatures of hollowing, and extend our results to more physically realistic scenarios by treating the boundary of the condensate more accurately through numerics.
While we focus on universal collective mode features, in tandem, as a concrete example, we analyze the specific case of the spherical bubble trap, originally proposed by Zobay and Garraway [11] . This trapping potential allows for smooth tuning of the condensate shape between the filled sphere and hollow shell topology and has the form
Here ∆ and Ω are experimental parameters that can be precisely controlled. The minimum of this potential is found at r 0 = √ ∆. The filled sphere BEC geometry is realized when ∆ = Ω = 0 since for this choice of parameters the bubble trap reduces to the harmonic trap:
For large ∆ (when r 0 is much larger than the thickness of the condensate shell), the bubble trap potential is approximated near its minimum by a radially-shifted harmonic trap V sh (r) = having frequency ω sh = ω 0 ∆/Ω. Below, we set ∆ = Ω for simplicity. Consequently, we see that increasing or decreasing the trap parameter ∆, at a constant chemical potential, results in a deformation between the filled and hollow condensate geometries.
Evolution of surface modes. -The effect of hollowing on surface modes of a spherical condensate can be gleaned from the eigenvalue equation for the collective mode frequencies, Eq. (2), in the limit of large angular momentum, 1. The centrifugal term ( + 1)n eq dominates in this limit and is minimized at the condensate's outer surface (due to n eq ∼ 0), and also the inner one in the hollow case, thus causing localization of largedensity deviations to these surfaces. At the transition between a filled and a hollow condensate, the doubling of the surfaces available for excitations creates a redistribution of radial nodes-some of the nodes can localize in the vicinity of the new, inner surface. Consequently, since fewer nodes are compressed in each surface region, the frequency of any single mode (indexed by the total number of radial nodes ν) is reduced across the hollowing transition. To provide an intuitive physical picture, we note that a similar situation is found in the energy states of a quantum double-well potential as the minima are brought into alignment. At the point at which the minimum potential values are equal, the energy eigenvalue corresponding to ν nodes jumps to corresponding to two degenerate states having 2ν and 2ν + 1 nodes (for instance, states having ν = 2 and ν = 3 radial nodes become nearly degenerate with the ν = 1 state.) Here, the centrifugal term in Eq. (2) plays the role of the potential and, as we show below, the experimentally relevant bubble trap even supports the degeneracy exhibited by the simple double-well analogy.
More concretely, focusing on the two surfaces, the Thomas-Fermi approximation for the bubble trap identifies the inner and outer boundaries at the radii r = R in = √ 2∆ − R 2 and r = R out = R, respectively. Linearizing the trapping potential at these boundaries gives the Thomas-Fermi equilibrium densities
with F in,out = −∇V bubble (R in,out ) and x in,out the local variable pointing along the direction of F in,out . This description of the condensate is appropriate when the trapping potential V bubble varies slowly over a distance
1/3 from a condensate boundary. Consequently, such linearization is not appropriate in the very thin shell limit thus restricting Eq. (4) to hollow BECs of nontrivial thickness. In thin hollow condensates with thickness δ t < 2δ sm surface modes confined to the inner and the outer boundary overlap and hence cannot be treated as strictly localized at either of these surfaces.
Surface mode frequencies for thick BEC shells can be derived from the master equation, Eq. (1), using these density profiles and the ansatz that the density distortions exponentially decay into the bulk [52] .The resultant frequencies are given by mS 2 l ω 2 in,out = (1 + 2ν in,out )F in,out q in,out where ν in,out indicates the number of nodes of the collective mode confined to a particular condensate boundary in the direction transverse to its surface. The wavenumber associated with each surface mode is given by q in,out = /R in,out . To be more precise, these surface mode frequencies read 2 (or the shaded region in the inset) demarcates the filled and hollow regions and the schematics along the bottom show the associated density deviations. Main: using the Thomas-Fermi approximation for the equilibrium density, which corresponds to sharp boundaries, and assuming the spatial extent of the condensate does not change, i.e., R is constant. Inset: using equilibrium profiles given by numerical solution of the GP equation (axes units are defined by the interaction energy U N = 10 4 ), which gives realistic soft boundaries, and assuming that the number of atoms making up the condensate, N , is constant.
We note that Eq. (5) is rather similar to the wellestablished result for the surface modes of a fully filled spherical condensate where ω 2 sp = ω 2 0 (2ν out + 1) -the functional form and the dependence are the same up to numerical factors accounting for the finite thickness of the hollow shell BEC [52] . For the bubble trap, F in q in = F out q out which leads to a degeneracy in the frequency of surface modes at the inner and outer surfaces, as noted above. A simple explanation for this degeneracy is that even though the inner surface is smaller in area, its lower stiffness can support more oscillations per unit distance (since q in > q out ), bringing the frequency of oscillations with ν in = ν out nodes on the two surfaces into alignment. We note that increasing the bubble trap parameter ∆ decreases the thickness of the condensate shell and leads to coupling between the inner and outer boundary surface modes which can lift this degeneracy (as we will show in Fig. 2) .
The restructuring of the surface mode spectrum following the hollowing out transition thus presents a marked contrast to the behavior of the same modes of a fully filled spherical BEC discussed in the literature [52] . We remark that inducing true surface modes corresponding to large values presents an experimental challenge, and is yet to be achieved even in the filled sphere case (although such modes have been experimentally observed in classical fluids [55] ). But a comparison of the two cases highlights the difference between the collective mode spectra of filled and hollow BECs in any angular-momentum regime, including the two extreme limits: = 0 and 1. We proceed to discuss the = 0 limit.
Evolution of breathing modes. -Collective modes involving density distortions transverse to the boundaries in a filled-sphere condensate correspond to spherically symmetric breathing modes. As the system evolves to a hollow shell, the density at the center of the system decreases, thus creating a region of low stiffness where density oscillations tend to localize and their frequency decreases. When the density in the center of the system vanishes, the inner boundary is created and the density deviations return to the bulk of the system. Thus, the hollowing transition and the appearance of an inner boundary are signaled by a prominent decrease in the transverse mode frequencies. More rigorously, in Eq. (1), the eigenfrequency receives two contributions: one proportional to the equilibrium density, n eq , and the other to its gradient, ∇n eq . In general, n eq is smallest at the surface(s) of the BEC while ∇n eq is smallest at the location of extremum density. The only situation in which both of these contributions can be small is at the hollowing-out transition: at the center of the system, where the inner boundary is emerging, both the condensate density and its gradient simultaneously vanish. The hydrodynamic equation therefore implies that the lowest frequency of oscillation for breathing modes can be realized close to the center of the condensate as it is starting to hollow. Consequently, the density deviations for the collective modes concentrate near the nascent inner surface and reach unprecedentedly low frequencies. The spectrum of the breathing modes, therefore, displays a minimum in frequency at the hollowing transition. Breathing modes exhibiting this non-monotonic spectral property are among the most experimentally accessible excitations of a three-dimensional spherically symmetric BEC and thus a good candidate for an observation of the effects of the hollowing-out transition. Additionally, collective modes with low angular momentum values, such as = 1 or = 2 exhibit similar frequency dip features. In fact, in a realistic experimental system that may lack perfect spherical symmetry, these low-collective modes would be the most likely candidate of study.
Numerical analyses for bubble-trap geometries. -Corroborating our heuristic arguments and simple derivations, we now perform an in-depth numerical analysis for collective modes in the bubble trap of Eq. (3) by directly solving the hydrodynamic equation of motion, Eq. (2) via a finite-difference method [56] . We initially use the Thomas-Fermi approximation for the equilibrium density (n eq ); this approach focuses on salient features of the topological hollowing transition by modeling a sharp inner (Thomas-Fermi) boundary. In these calculations we hold the outer radius of the condensate, R, fixed as ∆ is changed. We then go beyond the Thomas-Fermi approximation by solving the time-independent Gross-Pitaevskii (GP) equation [54] for the equilibrium density, using an imaginary-time algorithm [57] . Here, calculations are performed with a fixed number of atoms N in the condensate. This method addresses the fate of the mode spectra in the physically realistic case of soft condensate boundaries.
First addressing the surface modes, Fig. 2 shows the evolution of the collective mode spectrum obtained by direct numerical solution of Eq. (2) with = 20, for a range of values of ∆ in the bubble trap potential of Eq. (3), tuning from the fully filled sphere to thin shell limits. The transition point where an inner boundary first appears occurs at R in = 0 or ∆/R 2 = 0.5. As argued on general grounds above, the transition from filled sphere to hollow shell is indeed signaled by a reduction in frequency for a given radial index and a sudden degeneracy between modes having radial indices 2ν and 2ν +1 (here, ν denotes the total number of radial zeros for a given collective mode). Density fluctuations on either side of the transition are schematically represented along the bottom of Fig. 2 .
The results described above model a sudden change from the filled sphere to the shell topology through the appearance of the sharp inner boundary in the ThomasFermi approximation. In contrast, the inset to Fig. 2 shows the result of solving the hydrodynamic equation for the = 20 collective modes using the numerically exact equilibrium density, n eq , obtained by solving the timeindependent GP equation (with an interaction strength of N U = 10 4 ). This more realistic modeling of the gradually emerging inner surface yields a smearing of the sharp frequency discontinuity found in the Thomas-Fermi approximation as marked by the shaded region in the inset of the figure. Nevertheless, the frequency spectrum of the collective modes still displays a notable jump and neardegeneracy of modes as the inner boundary emerges.
To corroborate our description of the frequency restructuring across the hollowing transition, in Fig. 3 we present the density deviations and radial node redistribution in the illustrative example of surface modes having = 20 and ν = 1, 2 and 3 on either side of the topological transition. Comparing Figs. 3 (a) , (c) and (d), it is clear that after the emergence of the condensate's inner boundary, both modes with total number of radial nodes ν = 2 and ν = 3 bear similarity, in density deviations, to the mode with ν = 1 radial nodes before this boundary surface was available. Additional nodes for ν = 2 and ν = 3 collective modes are present but appear as radial oscillations of small amplitude on a boundary surface opposite to the one with the most prominent nodal structure. After the hollowing change, the overall oscillation frequencies of the ν = 2 and ν = 3 collective modes are accordingly dominated by a single node associated with high amplitude radial motion. As this motion has the highest energetic cost, these frequencies are nearly equivalent to the oscillation frequency of the collective mode with a single radial node in the fully filled spherical condensate. We emphasize that this is a feature that only occurs once the system is hollow, as demonstrated by a comparison of Figs. 3 (a) and (b)-collective modes with ν = 1 and ν = 2 radial nodes have rather different radial profiles for a fully filled spherical BEC. Extrapolating to more general surface modes, this redistribution of nodes explains the jump in the frequency spectrum shown in Fig. 2 where collective modes with total 2ν and 2ν + 1 radial nodes after the hollowing transition smoothly continue the spectrum of the ν surface mode of the BEC prior to hollowing.
In Fig. 4 , to exhibit the behavior of the breathing modes, we show the results of the direct numerical solution of Eq. (2) for the case = 0 as the parameter ∆ is varied. We note the sharp depression of the frequencies at the transition point and their otherwise smooth evolution to the solid-sphere and thin-shell limits at ∆/R 2 = 0 and 1, respectively. Additionally, we note that the density deviation for these spherically symmetric modes, as shown along the bottom of Fig. 4 , displays confinement to the inner boundary at the transition from filled to hollow. As with the surface modes, we expect this sudden transition to be replaced by a smoother crossover in a realistic system in which the condensate's boundaries are not sharp. In the inset to Fig. 4 , we show the result of solving the hydrodynamic equation for the = 0 collective modes using the numerical solution to the time-independent GP equation for the equilibrium density, n eq . While in this more realistic situation the transition is gradual, as indicated by the shaded region in the inset of Fig. 3 , the characteristic decrease in frequency from the filled sphere through the transition point clearly persists, indicating that the hollowing at the center of the condensate can be observed through the spectrum of the system's breathing modes. Additionally, since the decrease in central density here occurs less sharply than when the Thomas-Fermi approximation is used, the frequency curves in the inset of Fig. 4 decrease to distinct values at the hollowing transition, in contrast to their near-degeneracy in the Thomas-Fermi approximation.
To summarize, we have explored the physics of a BEC undergoing a topological change from a filled sphere to a hollow shell and shown that the collective modes are powerful indicators of such a transition. In particular, spherically symmetric breathing modes show a crossover between the fully filled and thin shell limits at the hollowingout point where the associated frequency spectrum exhibits a tell-tale dip. High-angular-momentum surface modes show marked sensitivity to the appearance of a new boundary as well.
We now turn to the analogous lower-dimensional BEC geometry of a disk hollowing out into an annulus, effectively represented by a toroidal geometry. Both structures have been well-studied theoretically [50, 51] and experimentally [6, 7] . The transition regime between the two topologies has yet to be studied and is potentially experimentally more tracatable than the three-dimensional spherical case. We have performed preliminary collective mode spectral analyses for the disk-annulus system using the same techniques as those presented here. Our main results for the spherical case hold equally well for the two dimensional system, given the common physics (vanishing of central density at the hollowing out transition and so on). Specifically, the breathing modes show a dip and surface modes a reconfiguration of radial nodes in their frequency spectra around the topological transition from a disk to an annulus. While the shell and the annulus topologies host similar collective modes when their thickness is small [50] , the collective mode frequencies in the overall hollow regimes differ. Moreover, the collective mode spectra cannot distinguish the different topological measures of the BEC's shape such as the fundamental group for the disk-annulus transition (determined by whether or not a loop can be shrunk to a point) or the second homotopy group for the sphere-shell transition (determined by whether a spherical surface can be shrunk to a point). However, we note that a fundamental difference exists between the two cases, making the study of collective mode spectra more pressing in the three-dimensional case: in two dimensions, the presence of a hollow inner region can be imaged (and visualized) directly by absorption imaging techniques. However, for the spherical geometry, direct imaging of the hollow region is obstructed by the presence of a surrounding condensate in all three dimensions, rendering collective mode spectra a powerful, non-destructive probe of the hollowing transition.
Finally, the CAL trap experiment is expected to pioneer the realization of condensate shells thus adding to the growing interest in BECs in microgravity conditions in space [58] and Earth-based environments [23] . The challenge has been that under typical terrestrial experimental conditions, gravitational sag causes heavy depletion at the shell's apex and a pooling of atoms at its bottom. Excluding gravitational effects, we estimate that for a BEC of ∼ 10 5 87 Rb atoms forming a cloud of 10 µm in a harmonic trap of bare frequency 500 Hz, in the transition from the filled sphere to the thin shell limit the lowest breathing (surface) mode would evolve from about 1 (4) kHz to 0.5 kHz, which are in an accessible regime and in a large enough range to probe our predictions. We predict the decrease in the collective mode frequency at the hollowing point, compared to the oscillation frequency of the same mode in the fully filled spherical BEC to be rather prominent, on the order of 50% or more, for all low-lying breathing (and low-) modes. Somewhat higher modes, such as ν = 3, are suitable for for experimental detection of the diminishing of collective mode frequency at the hollowing point compared to the thin-shell limit as well. For instance, the collective mode with ν = 3 shows a 20% change between these two regimes, which makes it a good candidate for a full observation of the non-monotonicity of the collective mode frequency spectrum at the hollowing point. Further work on BEC shells from collective mode behavior, expansion and time-of-flight, and the nature of vortices in this new geometry is in order. These studies are relevant to situations ranging from the microscopic scale of the CAL trap experiments to the proposed existence of BEC shells in stellar objects and would deepen our insight into topological changes in quantum systems.
p-6
Physics of hollow Bose-Einstein condensates * * * We thank Nathan Lundblad and Michael Stone for illuminating discussions. KS acknowledges support by ARO (W911NF-12-1-0334), AFOSR (FA9550-13-1-0045), NSF (PHY-1505496), and Texas Advanced Computing Center (TACC). CL acknowledges support by the National Science Foundation under award DMR-1243574. KP, SV, and CL acknowledge support by NASA (SUB JPL 1553869 and 1553885). CL and SV thank the KITP for hospitality.
